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Abstract 

For any i,j ^0 with i + j = 1, let Bad(i,j) denote the set of points {x,y) E for 
which niax{|jga:||^/', > c/q for all q gN. Here c = c{x,y) is a positive constant. 

Our main result implies that any finite intersection of such sets has full dimension. This 
. settles a conjecture of Wolfgang M. Schmidt in the theory of simultaneous Diophantine 

' approximation. 

1 Introduction 

(N 

■ A real number x is said to be badly approximable if there exists a positive constant c{x) such 

'. that 

^ ' > c{x) y q £ N . 



(N 

O 
O 



Here and throughout || • || denotes the distance of a real number to the nearest integer. It 
, is well know that the set Bad of badly approximable numbers is of Lebesgue measure zero. 

However, a result of Jarnik (1928) states that 

dim Bad = 1 , (1) 



X. 

H where dimX denotes the Hausdorff dimension of the set X. Thus, in terms of dimension the 

set of badly approximable numbers is maximal; it has the same dimension as the real line. 
For details regarding Hausdorff dimension the reader is referred to [3] . 

In higher dimensions there are various natural generalizations of Bad. Restricting our 
attention to the plane M^, given a pair of real numbers i and j such that 

0^i,j^l and i + j = l, (2) 

a point {x,y) G is said to be {i, j) -badly approximable if there exists a positive constant 
c{x, y) such that 

max{ IIq'xII"^''* , } > c{x,y) V g G N . 

Denote by Bad(i,j) the set of (i, j)-badly approximable points in M^. If i = 0, then we use 
the convention that x"^/' := and so Bad(0, 1) is identified with M x Bad. That is, Bad(0, 1) 
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consists of points (x, y) with x G M and y £ Bad. The roles of x and y are reversed if j = 0. 
It easily follows from classical results in the theory of metric Diophantine approximation 
that Bad(i,j) is of (two-dimensional) Lebesgue measme zero. Building upon the work of 
Davenport [2] from 1964, it has recently been shown in [7J that dimBad(z,j) = 2. For 
further background and various strengthenings of this full dimension statement the reader is 
referred to [H O [7] . A consequence of the main result obtained in this paper is the following 
statement. 

Theorem 1 Let (zi, ji), . . . , {id,jd) be a finite number of pairs of real numbers satisfying 
Then 

d 

dim(p|Bad(it,jO) =2 . 

Thus, the intersection of any finitely many badly approximable sets Bad(i,j) is trivially 
non-empty and thereby establishes the following conjecture of Wolfgang M. Schmidt [8] from 
the eighties. 

Schmidt's conjecture For any (^i, ji) and (^2,^2) satisfying ([2]), we have that 

Bad(n,ji)nBad(i2,i2) / . 

To be precise, Schmidt stated the specific problem with ii = 1/3 and ji = 2/3 and even this 
has previously resisted attack. Indeed, the statement 

dim(Bad(l,0) nBad(0, 1) nBad(i,j)) = 2 

first obtained in [7] sums up all previously known results. 

As noted by Schmidt, a counterexample to his conjecture would imply the famous Little- 
wood conjecture: for any (x, y) G 

liminf q \\qx\\ \\qy\\ = . 

Indeed, the same conclusion is valid if there exists any finite (or indeed countable) collection of 
pairs {it,jt) satisfying ([2]) for which the intersection of the sets Bad(2t,jj) is empty. However, 
Theorem [1] implies that no such finite collection exists and Littlewood's conjecture remains 
very much alive and kicking. For background and recent developments regarding Littlewood's 
conjecture see [6l[9]. 

1.1 The main theorem 

The key to establishing Theorem [T] is to investigate the intersection of the sets Bad(if,jt) 
along fixed vertical lines in the (x, y)-plane. With this in mind, let L^^ denote the line parallel 
to the y-axis passing through the point (x,0). Next, for any real number ^ i ^ 1, define 
the set 

Bad(i) := {x G M : 3 c(x) > so that ||gx|| > c(x) q^^^"- V G N} . 

Clearly, 

Bad = Bad(l) C Bad(i) , (3) 
which together with ([1]) implies that 

dimBad(i) = 1 V i G [0, 1] . (4) 
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In fact, a straightforward argument involving the Borel-Cantelh lemma from probability 
theory enables us to conclude that for i < 1 the complement of Bad(i) is of Lebesgue 
measure zero. In other words, for i < 1 the set Bad(i) is not only of full dimension but of 
full measure. 

We are now in the position to state our main theorem. 

Theorem 2 Let {it,jt) be a countable number of pairs of real numbers satisfying ([2]) and let 
i := supj^t : t G N}. Suppose that 

liminf min{it, jt} > . (5) 

i— >oo 

Then, for any 6 S Bad(i) we have that 

oo 

dim(f^Bad(ij,jj)nie) = 1 • 

t=i 

The hypothesis imposed on 9 is absolutely necessary. Indeed, for 9 ^ Bad(z) it is readily 
verified that the intersection of the sets Bad(ij,jt) along the line Lg is empty - see ^1.31 for 
the details. However, in view of ([3]), the dependence of on z and therefore the pairs {it,jt) 
can be entirely removed by insisting that 9 E Bad. Obviously, the resulting statement is 
cleaner but nevertheless weaker than Theorem [2l 

On the other hand, the statement of Theorem[2]is almost certainly valid without imposing 
the 'liminf condition. Indeed, this is trivially true if the number of {it,jt) pairs is finite. In 
the course of establishing the theorem, it will become evident that in the countable 'infinite' 
case we require ^ for an important but nevertheless technical reason. It would be desirable 
to remove ([5]) from the statement of the theorem. 

The following corollary is technically far easier to establish than the theorem and is more 
than adequate for establishing Schmidt's conjecture. 

Corollary 1 Let {ii,ji), . . . , {id,jd) be a finite number of pairs of real numbers satisfying ([2|). 
Then, for any 9 E Bad we have that 

d 

f|Bad(it,jt)ni0 /0 . 
t=i 

We give a self contained proof of the corollary during the course of establishing Theorem [2j 

Remark. The corollary is of independent interest even when d = 1. Since the work of 
Davenport [2], it has been known that there exist badly approximable numbers x and y such 
that (x, y) is also a badly approximable pair; i.e. Bad(l, 0) n Bad(0, 1) n Bad(l/2, 1/2) / 0. 
However it was not possible, using previous methods, to specify which x one might take. 
Corollary [T] implies that we can take x to be any badly approximable number. So, for 
example, there exist y E Bad such that (-v/2, y) S Bad(l/2, 1/2). Moreover, Theorem [2] 
implies that 

dim({y E Bad : {V2,y) E Bad(l/2, 1/2) } ) = 1 . 
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1.2 Theorem E] =^ Theorem [U 



We show that Theorem [2] imphes the following countable version of Theorem [TJ 

Theorem [Ij Let {it,jt) be a countable number of pairs of real numbers satisfying ([2]). Sup- 
pose that ([5]) is also satisfied. Then 

oo 

dim(f|Bad(it,jt)) =2 . 

t=i 

Note that if the number of {it,jt) pairs is finite, the 'liminf condition is trivially satisfied 
and Theorem [TJ reduces to Theorem [TJ 

We proceed to establish Theorem [TJ modulo Theorem [2j Since any set Bad(i,j) is a 
subset of M^, we immediately obtain the upper bound result that 

oo 

dim(p|Bad(it,it)) ^2 . 

t=i 

The following general result that relates the dimension of a set to the dimensions of parallel 
sections, enables us to establish the complementary lower bound estimate - see pg. 99]. 

Proposition Let F be a subset ofU? and let E be a subset of the x-axis. If duia{F Ci L^) ^ t 
for all X £ E, then dimF ^ t + diuiE. 

With reference to the proposition, let F be a countable intersection of Bad(i, j) sets and let 
E be the set Bad. In view of ([I]) and Theorem[2l the lower bound result immediately follows. 
Since ([T|) is classical and the upper bound statement for the dimension is trivial, the main 
ingredient in establishing Theorem [TJ (and therefore Theorem [T]) is Theorem [2l 

Remark. It is self evident that removing ([5|) from the statement of Theorem [2] would enable 
us to remove ([5]) from the statement of Theorem [TJ. In other words, it would enable us to 
established in full the countable version of Schmidt's conjecture. 

1.3 The dual form 

At the heart of the proof of Theorem [2] is an intervals construction that enables us to conclude 
that 

Bad(i,i) n Le ^ V G Bad(i) . 

Note that this is essentially the statement of Corollary [TJ with d = 1. The case when either 
2 = or J = is relatively straightforward so let us assume that 

< z, j < 1 and i + j = 1 . (6) 

In order to carry out the construction alluded to above, we shall work with the equivalent 
dual form representation of the set Bad(i,j). In other words, a point {x,y) E Bad(i,j) if 
there exists a positive constant c{x, y) such that 

max{\A\^/\\B\^/^}\\Ax-By\\>c{x,y) y {A, B) e Z^\{{0,0)} . (7) 

Consider for the moment the case B = 0. Then, ([7]) simplifies to the statement that 

\A\^/' \\Ax\\ > c{x) V^gZ\{0}. 
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It now becomes obvious that for a point {x, y) in the plane to have any chance of being in 
Bad(i,j), we must have that x G Bad(i). Otherwise, ([7]) is violated and Bad(i,j) nLj; = 0. 
This justifies the hypothesis imposed on 9 in Theorem [2l 

For i and j satisfying ([6]), the equivalence of the 'simultaneous' and 'dual' forms of 
Bad(i,j) is a consequence of the transference principle described in [ll Chapter 5]. To 
be absolutely precise, without obvious modification, the principle as stated in [T] only implies 
the equivalence in the case i = j = 1/2. In view of this and for the sake of completeness, we 
have included the modified statement and its proof as an appendix. 

Notation. For a real number r we denote by [r] its integer part and by [r] the smallest 
integer not less than r. For a subset X of M"" we denote by \X\ its Lebesgue measure. 

2 The overall strategy 

Fix i and j satisfying ([6]) and 9 G Bad(i) satisfying < 9 < 1. Let Q denote the segment of 
the vertical line Lg lying within the unit square; i.e. 

e:={(x,y) : x = 9,yG [0,1]} . 

In the section we describe the basic intervals construction that enables us to conclude that 

Bad(i,j) ne / . 

As mentioned in m.3\ the basic construction lies at the heart of establishing Theorem [2l 
2.1 The sets Badc(i,i) 

For any constant c > 0, let Badc(i,j) denote the set of points (x,y) G M? such that 

max{\A\^/\\B\^/^} \\Ax - By\\> c \/ {A, B) e Z'^\{{0,0)} . (8) 
It is easily seen that Badc(i,j) C Bad(i,j) and 

Bad(i,j) = |jBade(i,j) . 

oo 

Geometrically, given integers A,B,C with {A,B) ^ (0,0) consider the line L = L{A,B,C) 
defined by the equation 

Ax-By + C = . 
The set Badc(i,j) simply consists of points in the plane that avoid the 

c 

max{|yl|iA, 

thickening of each line L - alternatively, points in the plane that lie within any such neigh- 
bourhood are removed. With reference to our fixed 9 £ Bad(i), let us assume that 

c{9) ^ c> . (9) 

Then, by definition 

1^1^/^1^1011 > c VAgZ\{0} (10) 
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and the line Lq (and therefore the segment G) avoids the thickening of any vertical line 
L = L(^, 0,C). Thus, without loss of generality, we can assume that B ^ 0. With this in 
mind, it is easily verified that the thickening of a line L = L{A, B, C) will remove from Q an 
interval A(L) centered at {6,y) with 



AO + C 



and length 



1^(^)1 = 7771^ H{A,B):=\B\ma^{\A\'/\\B\'/^}. (11) 

For reasons that will soon become apparent, the quantity H(A, B) will be referred to as the 
height of the line L{A, B,C). In short, the height determines the amount of material a line 
removes from the fixed vertical line Lg and therefore from Q. 
The upshot of the above analysis is that the set 

Badc(i,j) ne 

consists of points {0,y) in the unit square which avoid all intervals A(L) arising from lines 
L = L{A, B, C) with 5/0. Since 

Badc(i, j) n e C Bad(i, j) n @ , 

the name of the game is to show that we have something left after removing these intervals. 

Remark 1. The fact that we have restricted our attention to rather than working on the 
whole line is mainly for convenience. It also means that for any fixed A and B, there are 
only a finite number of lines L = L{A, B, C) of interest; i.e. lines for which A(L) n 7^ 0. 
Indeed, with c ^ 1/2 the number of such lines is bounded above by \B\ + 2. 

Remark 2. Without loss of generality, when considering lines L = L[A, B, C) we will assume 
that 

{A,B,C) = l and 5>0. (12) 

Otherwise we can divide the coefficients of L by their common divisor or by —1. Then the 
resulting line L' will satisfy the required conditions and moreover A(L') ^ A(L). Therefore, 
removing the interval A(L') from takes care of removing A(L). 

Note that in view of (jl2p . for any line L = L{A, B, C) we always have that H[A, B) ^ 1. 



2.2 Description of basic construction 

Let i? ^ 2 be an integer. Choose ci = ci{R) sufficiently small so that 

Cl ^ \R~7 (13) 

and 

satisfies ([9]) with 

a := \ij . (15) 
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We now describe the basic construction that enables us to conclude that 

Bad,(i,i)nG/0 . (16) 

We start by subdividing the segment from the {0, 0) end into closed intervals Jq of equal 
length ci. Denote by Jq the collection of intervals Jq. Thus, 

*Jo = K'] • 

The idea is to establish, by induction on n, the existence of a collection Jn of closed intervals 
Jn such that Jn is nested in Jn-i'-, that is, each interval J„ in is contained in some interval 
Jn-i in Jn-\- The length of an interval J„ will be given by 

I Jn| := c\R " , 

and each interval J„ in Jn will satisfy the condition that 

Jn n A(L) =0 V L = L{A,B,C) with H{A,B) < R"-^ . (17) 

In particular, we put 

oo 

K, = K,(R) := fl IJ J . 

n=l Jg J"„ 

By construction, we have that 

CBadc(i,i)ne . 

Moreover, since the intervals Jn are nested, in order to establish (fT6|) it suffices to show that 
each Jn is non-empty; i.e. 

#J„^1 Vn = 0,l,... . 

The induction. For n = 0, we trivially have that ()17p is satisfied for any interval Jq G Jq. 
The point is that in view of (112p there are no lines satisfying the height condition H{A, B) < 1. 
For the same reason (|17p with n = 1 is trivially satisfied for any interval Ji obtained by 
subdividing each Jq in Jq into R closed intervals of equal length ciR~^. Denote by Ji the 
resulting collection of intervals Ji and note that 

#Ji = ^] R . 

In general, given Jn satisfying (fT7|) we wish to construct a nested collection Jn+i of intervals 
Jn+i for which ()17p is satisfied with n replaced by n + 1. By definition, any interval Jn in 
Jn avoids intervals A(L) arising from lines with height bounded above by R^~^. Since any 
'new' interval Jn+i is to be nested in some Jn^ it is enough to show that Jn-\-i avoids intervals 
A(L) arising from lines L = L{A, B, C) with height satisfying 

^ F(^, B) < i?" . (18) 

Denote by C(n) the collection of all lines satisfying this height condition. Throughout, we 
are already assuming that lines satisfy (jl2p . Thus, formally 

C(n) := {L = L{A,B,C) : L satsifies (fT2]) and (fT8]l } 

and it is precisely this collection of lines that comes into play when constructing Jn+i from 
Jn- We now proceed with the construction. 
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Stage 1: The collection We subdivide each J„ in Jn into R closed intervals In+i of 

equal length and denote by Zn+i the collection of such intervals. Thus, 

|/„+i| = cii?-"-^ and #X„+i =Rx #Jn. 

In view of the nested requirement, the collection J7n+i which we are attempting to construct 
will be a sub-collection of In+i- In other words, the intervals In+i represent possible candi- 
dates for Jn+i- The goal now is simple - it is to remove those 'bad' intervals In+i from In+i 
for which 

In+i n A(L) 7^ for some L e C(n) . (19) 

Note that the number of bad intervals that can be removed by any single line L = L(A, B, C) 
is bounded by 

|A(L)| ci?"+i 2i?"-° , , 

Thus any single line L in C{n) can remove up to [2ii^^"] + 2 intervals from Tn+i- Suppose, 
we crudely remove this maximum number for each L in C(n). Then, for n large enough, a 
straightforward calculation shows that all the intervals from are eventually removed and 
the construction comes to a halt. In other words, we need to be much more sophisticated in 
our approach. 

Stage 2: Trimming. Even before considering the effect that lines from C(n) have on intervals 
in X„+i, we trim the collection Xn+i by removing from each J„ the first sub-intervals 
In+i from each end. Let us denote by J~ the resulting 'trimmed' interval and by the 
resulting 'trimmed' collection. This process removes jj^Jn x 2 [i?^^"] intervals In+i fromX^+i 
regardless of whether an interval is bad or not. However, it ensures that for any remaining 
interval In+i in ^n+i which satisfies ()19p the line L itself must intersect the associated interval 
Jn within which In+i is nested. The upshot of 'trimming' is that when considering (|19p . we 
only need to consider those lines L from C{n) for which 

Jn Ci L ^ for some Jn ^ Jn ■ 

The intervals A(L) arising from the 'other' lines are either removed by the trimming process 
or they do not even intersect intervals in Jn and therefore they can not possibly remove any 
intervals from Xn+i- 

The sought after collection Jn+i is precisely that obtained by removing those 'bad' inter- 
vals In+i from which satisfy (|19p . Formally, for n ^ 1 we let 

Jn+i ■■= {/n+1 G T-^i : A(L) n = V L G . (21) 

For any strictly positive e < ^ and R > Ro{e) sufficiently large, we claim that 

#Jn+i > {R-5R^-') X #Jn Vn = 0,l,... . (22) 

Clearly, this implies that 

#Jn+l > {R- 5i?l-^)"+l > 1 

which in turn completes the proof of the induction step and therefore establishes ([16]). Thus, 
our goal now is to justify 



Stage 3: The suh- collection C{n,l). In the first instance we subdivide the collection C(n) 
of lines into various sub-collections that refiect a common geometric configuration. For any 
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integer / ^ 0, let C{n,l) C C(n) denote the collection of lines L = L{A, B,C) satisfying the 
additional condition that 

jl~Hi+^)llJ+i <^ B < R-^^R'm (23) 

where 

A := 3/j > 1 . 

Thus the B variable associated with any line in C{n,l) is within a tight range governed 
by ([23]). In view of ([18]), it follows that B^+'^Z^ < i?" and so 1 ^ B < R^ . Therefore, 

nj 

» < ' < ^ < »■ 

A useful 'algebraic' consequence of imposing ([25]) is that 

H{A,B) = \B\\A\^/' V L{A,B,C) GC(n,/>0). (24) 

To see this, suppose that the B^^^ term is the maximum term associated with H{A,B). 
Then, by (jlSp we have that 

(n-l)j 

B ■ B^/^ ^ ^ B ^ R~l+^ . 

Thus, by definition L{A, B,C) G C(n,0). Moreover, in view of (j24p and the definition of 
C(n,l), it follows that 

Ri^l-^)^ . RTTi < < R^^^+^)'RlTi V L{A,B,C) £C{n,l>0). (25) 

The upshot is that for / > 0, both the A and B variables associated with lines in C{n,l) 
are tightly controlled. The above consequences of imposing ()23p are important but are out 
weighed by the significance of the following 'geometric' consequence. 

Theorem 3 All lines from C{n,l) that intersect a fixed interval Jn-i G Jn-i po-ss through a 
single rational point P. 

The theorem is proved in ^ It implies that if we have three or more lines from C(n, I) passing 
through any fixed interval Jn-i, then the lines can not possibly enclose a triangular region. 
In short, triangles are not allowed. The theorem represents a crucial ingredient towards 
establishing the following counting statement. Let I ^ and Jn-i G Jn-l- Then, for any 
strictly positive e < ^a^ and R > Ro{e) sufficiently large, we have that 

#{/„+! : J„_j n A(L) n / for some LeC{n,l)} ^ R^-' . (26) 



Armed with this estimate it is reasonably straightforward to establish (|22p . We use 
induction. For n = 0, we have that 

#Ji = Rx if Jo 
and so ([22]) is obviously true. For n ^ 1, we suppose that 

ffJk+i > {R-bR^-') X ffJk V A: = 0,l,...,n-1 
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and proceed to establish the statement for k = n. In view of ()26|) . we have that the total 
number of intervals In+i removed from by lines from C{n,l) is bounded above by 

It now follows that 
#{/„,+i G : A(L) n In+i + for some L G C(n)} 

n n 

^ Y,R^''#Jn-l < i?'-^#Jn + B}-'Y,#Jn-l- (27) 
Z=0 i=l 

In view of the induction hypothesis, for R sufficiently large we have that 

n oo 
1=1 1=1 

and so 

l.h.s. of ([27]) ^ 3 R^-' #Jn. (28) 
Therefore, for R sufficiently large 

#Jn+l = #Zn+l - 1-h.S. of m 

^ {R-2\R^-''^)i^Jn - 3R^-'#Jn 
= {R- 5R^-') #Jn . 



This completes the induction step and therefore establishes (j22p . Thus, our goal now is to 
justify (I2H]1 . 



Stage 4- The sub- collection C{n,l,k). Clearly, when attempting to establish (p6]) we are 
only interested in lines L = L{A, B,C) in C{n,l) which remove intervals. In other words, 
A(L) n In+i 7^ for some In+i G 2^n+i- Now the total number of intervals that a line L can 
remove depends on the actual value of its height. In the situation under consideration, the 
height satisfies psp . Therefore, in view of (j20p the total number of intervals In+i removed 
by L can vary anywhere between 1 and [2i?^~"] + 2. In a nutshell, this variation is too large 
to handle and we need to introduce a tighter control on the height. For any integer k ^ 0, 
let C(n, /, k) C C{n, I) denote the collection of lines L = L{A, B, C) satisfying the additional 
condition that 

2'=i?"-i ^ H{A,B) < I'^+^R"-^ . (29) 



In view of (jlSp . it follows that 



^ < ^ . (30) 
log2 ^ ^ 



The following counting result implies (126p and indeed represents the technical key to unlocking 
Schmidt's conjecture. 

Theorem 4 Let l,k ^ and Jn-i S Jn-i- Then, for any strictly positive e < and 
R > Ro{e) sufficiently large, we have that 

#{In+i€ln+i ■■ J„-i n A(L) n / for some LeC{n,l,k)} ^ R^-' . (31) 
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Theorem H] is proved in ^ It is in this proof that we make use of Theorem [3l Note that the 
latter is apphcable since C{n, I, k) C C(n, /). Also note that in view of the 'trimming' process, 
when considering (f3T]l we can assume that Jn-i n L / 0. With Theorem H] at our disposal, it 
follows that for R sufficiently large 

l.h.s. of (El ^ X R^-' ^ R^-^' . 

log 2 

This establishes (j26p and completes the description of the basic construction. 

Remark. We emphasize that from the onset of this section we have fixed i and j satisfying 
([6]) . Thus this condition on i and j is implicit within the statements of Theorems [3] and HI 

3 Proof of Corollary [It Modulo Theorems [3] and |4] 

Modulo Theorems [3] and HI the basic construction of ^2.21 yields the statement of Corollary [1] 
for any single pair satisfying ([6]). We now show that with very little extra effort, 

we can modify the basic construction to simultaneously incorporate any finite number of 
pairs satisfying ([2]). In turn, this will prove Corollary [T] in full and thereby establish 
Schmidt's conjecture. 

3.1 Modifying the basic construction for finite pairs 

To start with we suppose that the d given pairs . . . , {id-, id) in Corollary [J satisfy ([6]). 

Note that for each t = 1, . . . , the height H{A, B) of a given line L = L{A, B, C) is dependent 
on the pair {it,jt)- In view of this and with reference to ^ let us write Ht{A, B) for H{A, B), 
Af(L) for A(L) and Ct{n) for C(n). With this in mind, let R ^ 2 be an integer. Choose 
Cl = Cl (R) sufficiently small so that 

Cl ^ V 1 ^ t ^ d , 

and for each t = 1, . . . ,d 



satisfies ([9]) with 

Note that with this choice of ci we are able to separately carry out the basic construction of 
^2.21 for each {it,jt) paii" and therefore conclude that 

Bad,(t)(it,jt)nG/0 V li^t^d. 

We now describe the minor modifications to the basic construction that enable us to simul- 
taneously deal with the d given {it,jt) pairs and therefore conclude that 

d 

f|Bad,(i)(it,jj)ne/0 . 

t=l 

The modifications are essentially at the 'trimming' stage and in the manner in which the 
collections for n ^ 2 are defined. 



Cl 
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Let ci be as above. Define the collections Jq and Ji as in the basic construction. Also 
Stage 1 of the 'induction' in which the collection X^+i is introduced remains unchanged. 
However, the goal now is to remove those 'bad' intervals In+i from 2„+i for which 

In+i n At(L) / for some t = 1, . . . , d and L e Ct{n) . (32) 

Regarding Stage 2, we trim the collection by removing from each J„ the first 
sub-intervals In+i from each end. Here 

amin := min{ai, . . . , a^} . 

This gives rise to the trimmed collection X^^^ and we define Jn+i to be the collection obtained 
by removing those 'bad' intervals In+i fromX",^]^ which satisfy (I32p . In other words, for n ^ 1 
we let 

Jn+i := {/n+1 G 1n+i ■ ^t{L) H = V 1 ^ t ^ d and L G Ct{n)} . 

Apart from obvious notational modifications, Stages 3 and 4 remain pretty much unchanged 
and enable us to establish (p8]) for each t = 1, . . . , d. That is, for any strictly positive e < 
and R > Ro{e) sufficiently large 

#{/„+! G I-^^ : At{L) n In+i / for some L € Ct(n)} 

^ 3i?i-^ #Jn . (33) 
It follows that for any strictly positive e < | «min ^^^^^ > -Ro(e) sufficiently large 

= #x-+, - ^ i.h.s. of m 

t=i 

^ (i2-2ri?i-"-'"l)#J-„ - 3dR^-'#Jn 
= {R- 5dR^-') #Jn V n = 0, 1, . . . . 

The upshot, is that 

#Jn^ {R-^dR^-'Y Vn = 0,l,... 

and therefore 

d oo 

f|Bad,(,)(ii,jOne D fl U J^0 . 

t=l n=l JgJ^„ 

This establishes Corollary [1] in the case the pairs {it,jt) satisfy ([6]). In order to complete the 
proof in full, we need to deal with the pairs (1,0) and (0, 1). 

3.2 Dealing with (1,0) and (0,1) 

By definition, Bad(l,0) = {{x,y) e M? : x £ Bad}. Thus, the condition that 9 G Bad 
imposed in Corollary [1] implies that 

Bad(l,0) nLe = Le . 

In other words, the pair (1,0) has absolutely no effect when considering the intersection of 
any number of different Bad(i,j) sets with nor does it in anyway effect the modified 
construction of ^3.11 
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In order to deal with intersecting Bad(0, 1) with Lq, we show that the pair (0, 1) can be 
easily integrated within the modified construction. To start with, note that 

Bad(0, 1) n e = {{9, y) G [0, 1)^ : y € Bad}. 

With ci as in gSH let 

c:=^. (34) 

For the sake of consistency with the previous section, for n ^ let 

C{n) := {p/q G Q : R"-^ ^ H{p/q) < i?"} where H{p/q) := q^ . 

Furthermore, let A{p/q) be the interval centered at {0,p/q) with length 

2c 



\A{p/q)\ 



H{p/q) 



With reference to ^3.H suppose that {it,jt) is (0,1) for some t = 1,... ,d. Since C(n) = 
for n = 0, the following analogue of (I33p allows us to deal with the pair (0, 1) within the 
modified construction. For R^ 4, we have that 

#{/„+! G : A{p/q) H / for some p/q G C{n)} ^ 3 # . (35) 

To establish this estimate we proceed as follows. First note that in view of ()34p . we have 
that 

\Mp/q)[<^ 

\T I ^ 

Thus, any single interval A{p/q) removes at most three intervals In+i from In+i- Next, for 
any two rationals Pi/qi,P2/(l2 G C(n) we have that 



Pi _'P2 
qi q2 



qm 



Thus, there is at most one interval A{p/q) that can possibly intersect any given interval J„ 
from Jn- This together with the previous fact establishes ([35]) . 



4 Proof of Theorem [3] 

Let ^ 2 be an integer. We start by showing that two parallel lines from C{n,l) can not 
intersect Jn-i- For any line L{A, B,C) G C{n,l) we have that 

1(23} 



Thus, if two parallel lines Li(^i, Ci) and ^2(^25 C2) from C{n,l) intersect J„_; we 
must have that 



2nj 



5i B 



< 



1-D2 



Bi B2 



^ \Jn-l\ 



ciR 



-n+l 



However, this is clearly false since ci < 1 < A and 2j < j + 1. 

Now suppose we have three lines Li,L2 and L3 from C{n,l) that intersect Jn-i but do 
not intersect one another at a single point. In view of the above discussion, the three lines 
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= L{Am, Bm, Cm) Corresponding to m = 1, 2 or 3 can not be parallel to one another and 
therefore we must have three distinct intersection points: 

Pi2 = Li n L2 , Pi3 = -Li n L3 and P23 = ^2 n L3 . 

Since P12, P13, P23 are rational points in the plane, they can be represented in the form 

Pst- 



Pst rst\ 
Qst' QstJ 



where 



Pst 

Qst 



Bf^Cf — BfCg 



and 



(1 ^ s < i ^ 3) 

A,Bt - AtBs 



Qst 



AsBt - AtBs 

In particular, there exists an integer kst / such that 

kstQst = AgBt - AfBg and kstPst = BgCt - BfCg 

and, without loss of generality we can assume that > 0. On a slightly different note, the 
three intersection points := fl J„_; are obviously distinct and it is easily verified that 



{e, 



Bm 



■) (1 ^ m ^ 3) . 



Let T(Pi2Pi3P23) denote the triangle subtended by the points Pi2,P23 and P13. Then twice 
the area of the triangle is equal to the absolute value of the determinant 



det := 



1 P12M2 ri2/qi2 
1 P13/913 ^3/913 
1 P23/923 ^23/923 



It follows that. 



areaT(Pi2Pi3P23) ^ 



2^12913923 



(36) 



On the other hand, T(Pi2Pi3P23) is covered by the union of triangles T(yiy2Pi2) U 
T(yiy3Pi3) U T(y2l3P23). Thus 

areaT(Pi2Pi3P23) ^ areaT(Yiy2Pi2) + areaT(yiy3Pi3) + areaT(y2y3P23). 

Without loss of generality, assume that T(yiy2Pi2) has the maximum area. Then 



areaT(Pi2Pi3P23) ^ 3 • areaT(yiy2Pi2) = -|yi - ysl 



P12 
qi2 



Now observe that 

ciP-"+' = \J^_i\ ^ \Yi-Y2 



1(^1^2 - ^2Pl)g - (^1^2 - ^2^1] 
IP1P2I 

|fcl2 gl2^ - A:i2Pl2| 
P1P2 

|gi26> -P12I 
P1P2 
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Hence 

areaT(Pi2Pi3P23) ^ ^ cIR-^^^''^ —BiB2 . 

^ qi2 

Therefore, on combining with (j36p we have that 

^ 3clR^^BiB2qi3q23 ■ (37) 

We now show that since ci satisfies (jl3p and therefore 

AciR^' ^ 1 , (38) 

the previous inequahty ([^T]) is in fact false. As a consequence, the triangle T(Pi2i-'i3-P23) has 
zero area and therefore can not exist. Thus, if there are two or more lines from C{n,l) that 
intersect Jn-i then they are forced to intersect one another at a single point. 

On using the fact that qst ^ |^s|-B( + it follows that 

r.h.sofdSTD ^ 3clR^^BiB2{\Ai\B3 + \A3\Bi) {\A2\B3 + \A3\B2) 

= 3clR'^BiB2 (\A,\B3\A2\B3 + \Ai\B3\A3\B2 

+ \A3\Bi\A2\Bs + \A3\B1\As\B2) . (39) 

By making use of (fTSj) and ([23|) . it is easily verified that 

\At\Bt = \At\Bl Bl < i?™ R-^^^ = R-^i^R— . 

In turn it follows that each of the first three terms associated with ()39p is bounded above by 

3^2^2^(l-(l+,)A)^2n 3^2^2n 



Turning our attention to the fourth term, since Li^L^ G C{n,l) we have via ()23p that Bi ^ 
R'^B-i. Therefore, 

SclR^WBjBi ^ 3clR^'+^^' ilAslBif bI^ Bl 

< 3g2^2Z(l-Aj-A)+2Ai^2ji 

3cIR^^'R^'^ . 

On combining this with the estimate for the first three terms, we have that 

r.h.S of daZl) ^ /?2n(g^2 ^ ^2Ai^ ^ ^2n l2c?i?2Ai ® ^2n ^ 

Clearly this is not compatible with the left hand side of (i37|) and therefore we must have that 
(1371) is false. 



Remark. It is evident from the proof that the statement of Theorem [3] is true for any fixed 
interval of length \Jn-i\ '■= ci R~^"-~^\ 
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5 Preliminaries for Theorem |4] 



In this section, we make various observations and establish results that are geared towards 
proving Theorem [H Throughout, i? ^ 2 is an integer and for n S N and r G we let 

J = J(n,r) 

denote a generic interval contained within of length ri?~". Note that the position of J 
within G is not specified. Also, for an integer A; ^ 0, we let C{n,k) denote the collection of 
lines from C{n) with height satisfying the additional condition given by ()29p : that is 

Cin,k) := \^L = L{A,B,C) £ C{n) : ^ H{A,B) < . 

Trivially, for any / > we have that 

C(n, /, k) C C(n, k) . 

No confusion with the collection C{n,l) introduced earlier in ^2.21 should arise. The point is 
that beyond Theorem [Sj the collection C{n,l) plays no further role in establishing Theorem 
Uland therefore will not be explicitly mentioned. 

5.1 A general property 

The following is a general property concerning points in the set Bad(i) and lines passing 
through a given rational point in the plane. 

Lemma 1 Let 6 £ Bad(i) and P := (2, ^) be a rational point such that 

\qe-p\<cie)q-' . 

Then there exists a line L = L{A, B, C) passing through P with \ A\ ^ and < B ^ . 

Proof. Consider the set 

ap — br (mod q) where ^ a ^ [g*] and 0^6^ [q-'] . 
The number of such pairs (o, b) is 

{q' + l-{q'}){q' + l-{q'})>q- 
Therefore, by the 'pigeon hole' principle, there exist pairs (ai,6i) and (a2;^2) such that 

aip — bir = a2P — 62 (mod q). 
Thus, there is clearly a choice of integers A, B, C with 

Ap-Br + Cq = Q where |A| ^ g'* and Q ^ B ^ qK 

It remains to show that we may choose S > 0. This is where the Diophantine condition 
on 9 comes into play. Suppose B = 0. Then Ap + Cq = and without loss of generality, we 
may assume that {A, C) = 1. Put d := (p, q) and define := q/d and p* := p/d. Then 

Ap* = —Cq^ and \A\ = q^ . 
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Hence g^, ^ and d ^ ^ qj^^ ■ However 

d\q^e - = \qe - p\ < c{6)q~\ 

Thus, it follows that 

\q,e-p,\ < c{e)q,-'d-^-' ^ c{9)q;^^\ 

But this contradicts the hypothesis that 6 G Bad(i) and so we must have that B > 0. 
5.2 Two non-parallel lines intersecting J(n, r) 

Let P := (2, ^) be a rational point in the plane and consider two non-parallel lines 

Li : Aix - Biy + Ci = 0, 
L2 : A2X - Bay + C2 = 

that intersect one another at P. It follows that 

p ^ P1C2 - B2C1 r_ ^ - A2C1 

q A1B2 - A2B1 q A1B2 - A2B1 ■ 

Thus, there exists an integer t ^ such that 

A1B2 - A2B1 = tq and B1C2 - B2C1 = tp . (40) 

Without loss of generality, we will assume that g > 0. In this section, we investigate the 
situation in which both lines pass through a generic interval J = J(n, r). Trivially, for this to 
happen we must have that 

1,1 ^ 1^ ^1 \{AiB2-A2Bi)e-{BiC2-B2Ci)\ 



where 



Bm 



This together with (140 h implies that 



^ < < rR-"- (41) 

In the case that the lines Li and L2 are from the collection C{n,k), this general estimate 
leads to the following statement. 

Lemma 2 Let Li,L2 G C(n, k) be two lines that intersect at P := (|, ^) and let J = J(n,r) 
be a generic interval. Suppose 

Li n J / and L2 n J / . 

Then 

nfc+l 

\qe-p\ < 2\^q-\ (42) 
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Proof. With reference to the hnes Li = L{Ai, Bi, Ci) and L2 = L{A2, B2, C2), there is no 
loss of generahty in assuming that Bi ^ B2- With this mind, by (jlT]) we have that 



\qe-p\ < ri?-"SiS2 



en / , , i\ -XT 



1 

= t2^+^R-^Bi(^2''+^R''-^) . (43) 

On the other hand, by ()40p we have that 

q ^ \tq\ = \AiB2-A2Bi\ ^ l^i^sl + l^aSil 



Bt \ J \ B. 



)fe+l nn-l\*^J+l 



Therefore 



2-*Si (2'^+ii?"-!^ 



= 2-*5i (2^'+ii?"-i) 
This estimate together with (j43p yields the desired statement. 



Remark. It is evident from the proof that the statement of Lemma [2] is actually true for 
lines Li,L2 with height bounded above by 2^^^R"'~^. 



5.3 The figure F 

In this section, we give a geometric characterization of lines from C{n,l, k) that pass through 
a given rational point and intersect a generic interval. Let Li = L{Ai, Bi,Ci) and L2 = 
L{A2, B2,C2) be two lines from C{n,l,k) that pass through P := (|,p and intersect J = 
J(n, r). Without loss of generality assume that Bi ^ B2. Then, in view of ()4ip . we have that 

\qe-p\ ^ m ^2'=+! 1 



51^2 " R H{A2,B2) ■ 
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Thus 



^ H{A2,B2) _ max{\A2\^^\Bl^^} 



R\qe-p\ B1B2 Bi 

^ max|^,i?;'^^ (44) 

Given a rational point P, the upshot is that if two hues from C{n,l, k) pass through P and 
intersect J, then the point {A, B) G 1? associated with the coordinates A and B of at least 
one of the lines lies inside the figure F defined by 

\A\ < c'2B\ ^<B<4' with C2 := • (45) 




Notice that the figure F is independent of / and therefore the above discussion is actually 
true for lines coming from the larger collection C{n,k). As a consequence, apart from one 
possible exception, all lines L{A, B, C) £ C{n, k) passing through P and intersecting a generic 
interval J will have A and B coordinates corresponding to points [A, B) lying inside the 
figure F. Additionally, notice that the triple {A,B,C) associated with any line L passing 
through P belongs to the lattice 

C = C{P) := {{A, B, C)£Z^:Ap-Br + Cq = 0}. 

We will actually be interested in the projection of C onto the {A, B) plane within which the 
figure F is embedded. By an abuse of notation we will also refer to this projection as C. 

Remark. Note that the figure F is independent of the actual position of the generic interval J. 
However, it is clearly dependent on the position of the rational point P. 

Now assume that ^1,^2 £ C(n, /, k) with / > 0. In this case we have that 
B^/^ < R'~RT^ < R^ r- \A\^/' 

(list -I Ai(j + 1) 

< R^ r- C2 B . 

19 



Therefore 

< S < C34 with 03:= m (46) 

Note that C3 < 1 and that 

|A| < < cl-C2. (47) 

The upshot is that if two lines from C(n, I > 0,k) pass through P and intersect J, then the 
point {A, B) E 7? associated with the coordinates A and B of at least one of the lines lies 
inside the figure Fi <Z F defined by PU]) and (|T7|) . 



5.4 Lines intersecting A(Lo) 

Let Lq = L{Aq,Bq,Cq) be an arbitrary line passing through the rational point F := (|, ^) 
and intersecting 0. It is easily verified that the point Yq := Lq H G has y-coordinate 



Ac,e + a 



■0 



5, 



'0 



-4of + go ^ ^0 
-Bo -Bo 



q Bo 



Now, assume there is another line L = L{A, B, C) with 

H{A,B) ^ H{Ao,Bo) 
passing through F and intersecting Q. Let 

Y = Y{A,B,C) := Lne 



and notice that 

Y G A(Lo) 
In other words, 

^gA(Lo) ^ 



B Bo 



P 



HiAo,Bo] 



A 
B 



Ao 
Bo 



H{Ao,Bo) 



Ao 

'Bo 



H{Ao,Bo) 



(48) 



Geometrically, points (A, B) G satisfying the right hand side of (j48p form a cone C(74o, i?o) 
with apex at origin. The upshot is that all lines L = L{A, B, C) with A and B coordinates 
satisfying H{A,B) ^ H{Ao,Bo) and A/B G C{Ao,Bo), wiU have Y{A,B,C) G A(Lo). 

In addition, let F be the figure associated with F, a generic interval J = J(n, r) and the 
collection C(n, fc). Suppose that 

FnCcC{Ao,Bo) and H{A, B) ^ H{Ao, Bo) V (A,B)GFn£. (49) 

Then, in view of the discussion above, any line L = L{A, B, C) passing through F such that 
[A,B) G F r\C will have Y{A,B,C) G A(Lo). In particular, it follows via ^Olthat if we 
have two lines Li,L2 G C{n,k) passing through F and intersecting J, then one of them has 
coordinates corresponding to a point in FCiC and therefore it intersects J inside A(Lo). Thus, 
apart from one possible exceptional line L', all lines L = L{A, B, C) G C(n, k) passing through 
F and intersecting J will have the property that {A,B) £ F D C and Y{A,B,C) G A(Lo). 
Note that for L' = L{A',B',C'), we have that {A',B') ^ F D C and therefore we can not 
guarantee that H(A',B') ^ H{Ao, Bo). Also, L' may or may not intersects J inside A(Lo). 
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5.5 The key proposition 

Under the hypothesis of Lemma [2l we know that there exists some 5 £ (0, 1) such that 

2k+i 



\q9 -p\ 



52V- 



Hence 



C2 



im 2 



R 



R\qe-p\ 

The following statement is at the heart of the proof of Theorem HI 



(50) 



Proposition 1 Let P = (|, ^) he a rational point and J = J(n,r) he a generic interval. Let 
C be the collection of lines L = L{A, B, C) passing through P with height H{A, B) < i?". Let 
Ck C C(n, k) denote the collection of lines passing through P and intersecting J. Suppose that 
#Ck >2,T^ cR2- ' 



anc 



6 ^ C4 



cR 
2V 



2/i 



where 



C4 := 



'2/j ■ 



(51) 



Then there exists a line Lq £ C satisfying ()49p . Furthermore, apart from one possible excep- 
tional line, for all other L £ Ck we have that (A, B) £ F D C and LD J £ A{Lq). 



Remark. We stress that the line Lq of the proposition is completely independent of the 
actual position of the generic interval J and therefore the furthermore part of the proposition 
is also valid irrespective of the position of J. 

Proof. Notice that since #Ck ^ 2, there exists at least one line L{A, B, C) £ Ck with A and 
B coordinates corresponding to {A,B) lying within F - see §5.31 Thus, there is at least one 
point in i*" n £ corresponding to a line with height bounded above by -R". 



A consequence of §5.41 is that if there exists a line Lq satisfying (j49p then the furthermore 
part of the statement of the proposition is automatically satisfied. In order to establish (^9]) . 
we consider the following two cases. 



Case A. Suppose there exists a point {A, B) £ F Ci C such that 



Bi^a-6- 



where 



a :- 



Re) 



Now let (Aq, B'q) denote such a point in F n £ with B'q minimal. It follows that for all points 
{A,B) £FnC, 



< 



^2 



{6-^2-' q' a5q^ 



a q 



B'o 



and therefore 



B B', 



< 2 



a q 



B'o 
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This together with (148 1) imphes that if 



> 2 



(52) 



then F n £ C C{A'q,B'q). In other words, the first condition of (|49l) is satisfied. Therefore, 
modulo ([52]) . if the point {A'q, B'q) has minimal height among all (A, B) £ F Ci C the second 
condition of (I49p is also valid and we are done. Suppose this is not the case and let {Ao,Bq) 
denote the minimal height point within F Ci C Then H{Aq, Bq) ^ H{Aq, B'q) and so 



H{Aq,Bo 



:5 



H{A',,B'q) 



> 2 — > 

^0 



S Bo 



V {A,B)£FnC. 



Thus, by (gH]) we have that F n £ C C(ylo, -Bo)- The upshot is that if §2^ holds then there 
exists a line from the collection C satisfying (j49p . We now establish ()52p . Note that 



i3^max{|A'o|iA,i?^i/.?}.2'r5(2^ 



Note that 



cR 



q ^ max{|A^|l/^B;Vi|_ 



9 ca^o ^ 2^Vq and B'^^^ ^a^l^b'^U- 



Suppose that |yl^|Vi > B'^'K Then 



r.h.s. of (ES 



2*^+2+*-«V5c7* 



^ 2-V 



5 ^ 



ci? 



C4 I 



ci? \ J 
72^ 



This is precisely (|5ip and therefore verifies (|52p when |Aq|^/* > B'^^K 



Suppose that ^ B'^^K Then 



r.h.s. of (|53 



ci? 



1 \ 



22+ij 



. 1 I M+i 

ci? \ 
72^ 



5 ^ C4 ( . 



Vt2'= 



(54) 
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By the hypothesis imposed on r, it fohows that 

cR 



t2^ 



^ 1 . 



(55) 



Therefore, in view of (j5ip the lower bound for 6 given by (|54p is valid. In turn, this 
verifies ([52]) when l^ol^^* ^ B'^'^- 



Case B. Suppose that for all points (yl, B) within F n £ we have that 

B > a5q^ . 

Then, in view of (j45p it follows that 



< 



2-* £7* 



V {A,B)eFr\C. 



a6qi 2*VJ(^ 
By making use of ([9]), (iST]) and (fSSl) . it is readily verified that 

\qe-p\<c{9)q-' . 

Thus, Lemma [T] is applicable and there exists a point {Aq,Bq) G £ satisfying 

HiA'„B',)^q'+^. 



As a consequence 



Indeed, 



^ 2- 



2^Vj'5 



cq^' 






-) 


(T^' ^ 2^= 




Rc 



2*'-lcrJ(5 



(56) 



(57) 



By the definition, the last inequality concerning a is valid and therefore so is (j57p . We now 
show that FnC C C{Aq, Bq). In view of (gS]), this will be the case if 



B B', 



H{A'„B',) 



V {A,B)eFnC. 



(58) 



Suppose that (j4q, Bq) G F Ci C Then, clearly 

(151 ^ (IMI) and (1571). 
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Suppose that {Aq,Bq) ^ FnC. Then 



A 
B 

A' 



+ 



A' 



ll57t 



2HiA'„B',) 



A' 



2^ aid 



cq 



l+i 



6^ 



2fe+i 



B'o 



B'ol 



2q' 



1 



cR 



4-2* 2^r ■ 

In view of (1511) and (1551) this lower bound for 6 is vahd and therefore so is (1581). 



The upshot of the above is that F{^C C C(j4g, B'q). In other words, the first condition of ([19|) 
is satisfied. Therefore if the pair (^q, B'q) has the minimal height among all {A, B) £ F D C 
the second condition of (09]) is also valid and we are done. Suppose this is not the case and 
let {Ao, Bq) £ F D C denote the minimal height point within F D C. By assumption, 



H{Ao,Bo)<H{A'o,B'o) 



and so 



HiAo,Bo 



H{A'„B',: 



2* 



Ao 
Bo 



Thus, by (gS]) we have that FnC C C{Ao,Bo). 
exists a line from the collection C satisfying (j49p . 



V {A,B)£FnC. 
The upshot is that (f58l) holds thus there 



6 Proof of Theorem |4] 

Let l,k and J„_i G Jn-i- Let e > be sufficiently small and R = R{e) be sufficiently 
large. In view of the trimming process. Theorem |4] will follow on showing that no more 
than R^~'^ intervals In+i from In+i can be removed by the intervals A(L) arising from lines 
L G C(n, /, k) that intersect Jn~i- Let Li, . . . ,Lm denote these lines of interest and let 

Ym := Lm n Jn-l (1 ^ m ^ M) . 

Indeed, then 

l.h.s. of daH) ^ #{/n+i G In+i ■■ In+1 H A(L„) / for some 1 ^ m ^ M} . 
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A consequence of Theorem [3] is that the hnes Li, . . . , Lm pass through a single rational point 
P = (|, ^). This is an absolutely crucial ingredient within the proof of Theorem HI 

In view of (|20p the number of intervals In+i S In+i that can be removed by any single 
line is bounded above by 



l [29ll 

+ 2 K 



2R 



H{A,B) 



2k 



+ 2 



Notice that K ^ 2is independent of /. Motivated by the quantity K, we consider the following 
two cases. 



Case A. Suppose that 2^ < R 



Case B. 

Then 



Suppose that 2'' ^ R 



l-a 



AR 



l-OL 



K C 



2k 



Also, let 



ci := 



2k 



4ci R 



in Case A 
in Case B . 

in Case A 
in Case B . 



We now subdivide the given interval Jn-i into d intervals Ini of equal length 
ciR^-'''\R^-'/K]-'^. It follows that 



d 



\Jn-l\ 



and that 



nl I 



\Ini\ ■■= ciR^-^'lR^-yK]-' ^ ciR- 
By choosing R sufficiently large and e < a so that 

R'^-' ^ 8 , 

we can guarantee that 



K 



2 ^ d ^ 



2R 



l-e 



K 



(59) 
(60) 



To proceed, we divide the d intervals into the following two classes. 

Type 1. Intervals Ini that intersect no more than one line among Li, . . . , Lm- 



Type 2. 



Intervals /„; that intersect two or more lines among Li 



,L 



M- 
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6.1 Dealing with Type 1 intervals. 



Trivially, the number of Type 1 intervals is bounded above by d. By definition, each Type 1 
interval has no more than one line intersecting it. The total number of intervals In+i £ 
Xn+i removed by a single line Lm is bounded above by K. Thus, for any strictly positive 
€ < a and R sufficiently large so that ()59p is valid, the total number of intervals In+i £ ^n+i 
removed by the lines Li, . . . ,Lm associated with Type 1 intervals is bounded above by 

dK ^ 2R^~^ . (61) 



6.2 Dealing with Type 2 intervals. 

Consider an interval Ini of Type 2. By definition, there are at least two lines Ls,Lt G C{n,l,k) 
passing through P which intersect Ini- With reference to let J be a generic interval of 
length cii?~". Clearly |J| is the same for k and / fixed and \Ini\ ^ |J|- Also, in view of ()59p we 
have that |J| < |J„_;|. Thus, given an interval /„; there exists a generic interval J = J(n,T) 
with T := ci such that C J C Jn~i- By Lemma O there exists some 6 G (0, 1) such that 

\qe-p\ = [-^ 

As a consequence of ^5.31 apart from one possible exception, all lines L G C{n,l,k) passing 
through P and intersecting J will have A and B coordinates corresponding to points {A, B) 
lying inside the figure F defined by ()45p with C2 := (5~^2~*g*. The upshot is that among the 
lines Li,. . . ,Lm passing through any /„/ of Type 2, all but possibly one line L' will have 
coordinates corresponding to points in F D C. Moreover, if / > then F can be replaced by 
the smaller figure Fi defined by (H6]l and (jlTl) . 



6.2.1 Type 2 intervals with 5 small 

Suppose that 

,5 ^ C4f^j where C4 := 2"^ (62) 

With reference to the hypotheses of Proposition [H the above guarantees (|5ip and it is easily 
verified that ci > cR2~^ and that ^ 2 since Ini C J is of Type 2. Hence, Proposition [1] 
implies the existence of a line Lq £ C{n') with n' ^ n passing through P and satisfying (j49p . 
Furthermore, among the lines L^n from Li, . . . , Lm that intersect J, all apart from possibly 
one exceptional line L' will satisfy L^n J = 1^ G ^(-^0) s-^id have coordinates corresponding 
to points {A^ B) G F D C Note that Lq is independent of the position of J and therefore 
it is the same for each generic interval associated with a Type 2 interval. The point is that 
P is fixed and all the lines of interest pass though P. However, in principle, the possible 
exceptional line L' may be different for each Type 2 interval. Fortunately, it is easy to deal 
with such lines. There are at most d exceptional lines L' - one for each of the d intervals Ini- 
The number of intervals In+i G I^n+i that can be removed by any single line L' is bounded 
above by K. Thus, no more than dK < 2 R^~'^ intervals In+i are removed in total by the 
exceptional lines L'. Now consider those lines Lm = L(Am, Bm, Cm) among Li, . . . , Lm that 
intersect some Type 2 interval and are not exceptional. It follows that 

Ym G A(Lo) and H{Am, B^) ^ H{Ao, Bq) . 
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o Suppose that Lq E C(n') for some n' < n. Denote by A^(Lo) the interval with the 
same center as A(Lo) and length |A(Lo)| + 2[ii^+'^] |/„/_|_2|. It is readily verified that 
A{Lm) C A^(Lo) for any non-exceptional line L^- Now observe that the interval 
A(Lo) is removed (from the segment Q) at level n' of the basic construction; i.e. during 
the process of removing those 'bad' intervals In'+i from that intersect some A(L) 
with L G C(n'). The set A+(Lo) \ A(Lo) is removed (from the segment Q) by the 
'trimming' process at level n' + 1 of the basic construction. In other words, the interval 
A"'"(Lo) has been totally removed from Q even before we consider the effect of lines 
from C(n) on the remaining part of G; i.e. on intervals In+i £ ^n+i- ^ nutshell, 
there are no intervals In+i £ ^n+i that lie in A~^{Lq) and therefore any non-exceptional 
line Lm will have absolutely no 'removal' effect. 

o Suppose that Lq G C(n). Denote by A+(Lo) the interval with the same center as 
A(Lo) and length 2|A(Lo)|. It is readily verified that A(Lm) C A^(Lo) for any non- 
exceptional line Lm. In view of ^ the interval A+(Lo) can remove no more than 
4i?i-" + 2 intervals G In+i- 

The upshot when 5 satisfies (j62p is as follows. For any strictly positive e < a and R sufficiently 
large so that ()59p is valid, the total number of intervals In+i S In+i removed by the lines 
Li, . . . , Lm associated with Type 2 intervals is bounded above by 

4i?^~" + 2 + K -d = 4R^'°' + 2 + 2R^'' ^ 6R^~^ + 2 ^ SR^'" . (63) 
Naturally, we now proceed by dealing with the situation when ([62]) is not satisfied. 



6.2.2 Type 2 intervals with 6 large 

Suppose that 



/ cR\ 

^>c.(^) . (64) 



In Case A it follows that 



6 > C44-2/^' (65) 
and in Case B, using the fact that 2^ < R - see (I30p . it follows that 

S > C4 ^ J > C44-2/^i? ^ . (66) 

Recall that for the generic interval J associated with a Type 2 interval /„;, there exists 
at most one exceptional line L' among Li,...,Lm that intersects J and has coordinates 
corresponding to a point not in F D C We have already observed that no more than dK < 
2 R^~'^ intervals In+i G ^n+i are removed in total by the d possible exceptional lines L'. 
Indeed, the latter are exactly the same as in the 6 small case and therefore the corresponding 
removed intervals In+i coincide. 

We now consider those lines = L{Am, Bm, Cm) among Li, . . . , Lm with {Am, Bm) G 
FnC Suppose we have two such lines Lm and Lm' so that the points {Am, Bm) and {Am' , Bm' ) 
lie on a line passing through the lattice point (0,0). Clearly all points {A,B) £ F (1 C on 
this line have the same ratio A/B. Thus the lines Lm and Lm' are parallel. However, this 
is impossible since Lm and Lm' intersect at the rational point P. The upshot of this is that 
the points {Am,Bm), {Am',Bm') and (0,0) do not lie on the same line. Recall that the lines 
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Lfn of interest are from within the cohection C{n,l,k). To proceed we need to consider the 
/ = and / > situations separately. 

• Suppose that / = 0. Let 

M* ■.= #{LrnG{Li,...,LM} ■■ {Arr,,B„,)eFnC}. 

Observe that the figure F is convex. In view of the discussion above, it then follows that the 
lattice points in F f] C together with the lattice point (0, 0) form the vertices of (M* — 1) 
disjoint triangles lying within F. Since the area of the fundamental domain of C is equal to 
q, the area of each of these disjoint triangles is at least q/2 and therefore the area of F is at 
least q/2 ■ [M* - 1). Thus 

-{M - 1) ^ area(F) < 2c^ = — 

and therefore 

M* < 2 5"^/' + 1 . 
o In Case A it follows via (|65|) that 

M* < 4^+^ i?t + 1 . 



Hence 

Moreover, if 
then we have that 



M*K < 20-4^ 



a 11 



ij + 2 



4 



M*K < 20 • 4^ i?^-" . (67) 
o In Case B it follows via ([66|) that 

4 , -I 2(a + e) 

M* < 4^+^ + 1 

and thus the number of removed intervals is bounded by 

4 2(a + t) 

M*K < 20 • 4^ R~^r- . 

It is readily verified that if 

ij — 2a 
ij + 2 

then the upper bound for M*K given by (|67|) is valid in Case B. 



• Suppose that I > 0. Instead of working with the figure F as in the / = situation, we work 
with the 'smaller' convex figure Fi C F. Let 

M* := #{Lm e {Li, ...,Lm} : {Am, B^) e FiH C}. 

The same argument as in the / = situation yields that 
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o In Case A we have 



4. , 1 Xl(i+l)(j + l) 

M* < -3 R—^ 1 + 1. 



Since / > and by definition A = 3/j, it follows that 

A/(i + l)(j + l) + 21 



> 0. (68) 



Thus 



M* < A^^^m + 1 



as in the / = situation. In turn, the upper bound for M*K given by (j67p is valid for 
I > 0. 

o In Case B we have 

M* < A^J^ R y ■ R~' i + 1 

lIMll 4 ,1 2(c,+£) 

< + 1 

as in the / = situation. In turn, the upper bound for M*K given by (j67p is valid in 
Case B for / > 0. 

The upshot when d satisfies (|64p is as follows. For any strictly positive 

a ij ^ ( a ij ij — 2a 
e ^ = mm 



ij + 2 [ij + 2' ij + 2 

and R sufficiently large so that (j59p is valid, the total number of intervals In+i G ^n+i 
removed by the lines Li, . . . , Lm associated with Type 2 intervals is bounded above by 

KM* + K-d < 20- R^-' + 2R^-' < 21-4^ R^'' . (69) 



6.3 The finale 

On combining the upper bound estimates given by ([6T]) . ([63]) and ([69|) . for any strictly positive 
e ^ otij /{ij + 2) and R > Ro{e) sufficiently large, we have that 

l.h.s. of dsn) ^ #{In+i e : In+i n A(L„) / for some 1 ^ m ^ M} 

< 2R^-' + 8R^-' + 21-4^ R^-' . 
This together with the fact that 



completes the proof of Theorem 
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7 Proof of Theorem [2] 



With reference to the statement of Theorem O since the set under consideration is a subset 
of a hue, we immediately obtain the upper bound result that 

oo 

dim ( fl Bad{it,jt) n Lg) ^ 1 . (70) 
t=i 

Thus, the proof of Theorem [2] follows on establishing the following complementary lower 
bound estimate. 

Theorem 5 Let {it,jt) be a countable number of pairs of real numbers satisfying ([6|) and let 
i := sup{it : t € N}. Suppose that ([5]) is also satisfied. Then, for any 9 G Bad(i) we have 
that 

oo 

dim(p|Bad(it,jt)nie) > 1 ■ 

t=i 

Remark. Strictly speaking, in order to deduce Theorem [2] we should replace dH by ([2]) in 
the above statement of Theorem [5l However, given the arguments set out in §3.21 the proof 
of Theorem[5]as stated can easily be adapted to deal with the 'missing' pairs (1, 0) and (0, 1). 

A general and classical method for obtaining a lower bound for the Hausdorff dimension 
of an arbitrary set is the following mass distribution principle - see [H pg. 55]. 

Lemma 3 (Mass Distribution Principle) Let jj, be a probability measure supported on a 
subset X ofM. Suppose there are positive constants a,s and Iq such that 

fi{L) ^ a , (71) 

for any interval L with length \L\ ^ Iq. Then, dimX ^ s. 

The overall strategy for establishing Theorem [5] is simply enough. For each t G N, let 

at ■■= jkjt and eo : = inftgN ^a? • (72) 

In view of condition ^ imposed in the statement of the theorem, we have that eo is strictly 
positive. Then for any strictly positive e < eo, we construct a 'Cantor-type' subset K(e) of 
Bad(if, jt) nLe and a probability measure fj, supported on K(e) satisfying the condition 

that 

/i(/) ^ a|/|i-^/2, (73) 

where the constant a is absolute and / C is an arbitrary small interval. Hence by con- 
struction and the mass distribution principle we have that 

oo 

dim(p|Bad(it,jt)nLe) > dim (K(e)) ^ 1 - e/2 . 

t=i 

Now suppose that dim ( Pl^-^ Bad(if,jt)nLe) < 1. Then, dim ( Bad(«t, jf)nLe) = l — rj 
for some rj > 0. However, by choosing e < 2r] we obtain a contradiction and thereby establish 
Theorem \5\ 
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In view of the above outline, the whole strategy of our proof is centred around the con- 
struction of a 'right type' of Cantor set K(e) which supports a measure fi with the desired 
property. It should come as no surprise, that the first step involves modifying the basic 
construction to simultaneously incorporate any countable number of pairs satisfying ([5]) 
and dSD. 



7.1 Modifying the basic construction for countable pairs 

With reference to ^ for each t G N let us write Ht{A,B) for H{A,B), Aj(L) for A(L) and 
Ct{n) for C{n). Furthermore, write J'n{t) for and for I~ . With this in mind, let 

i? ^ 2 be an integer. Choose ci(t) = ci{R,t) sufficiently small so that 

ci{t) ^ (74) 

and 

c{t) 



satisfies Q with at given by ([72]) . With this choice of ci{t), the basic construction of ^2.21 
enables us to conclude that 'Bad{it, jt) H Lg 7^ and in the process we establish the all 
important 'counting' estimate given by ([26]) . Namely, let Z ^ and J„_; G Jn-i{t). Then, 
for any strictly positive e < and R > Ro{e,t) sufficiently large we have that 

#{/„+! ex : Jn-i n At{L) n / for some LeCt{n,l)} ^ R^-' . (75) 

With eo given by ()72p . this estimate is clearly valid for any strictly positive e < eo. The first 
step towards simultaneously dealing with the countable number of {it,jt) pairs is to modify 
the basic construction in such a manner so that corresponding version of ()75p remains intact. 
The key is to start the construction with the (n, ji) pair and then introduce at different levels 
within it the other pairs. Beyond this, the modifications are essentially at the 'trimming' stage 
and in the manner in which the collections are defined. 

Fix some strictly positive e < eo and let R be an arbitrary integer satisfying 

R > i?o(e,l) • (76) 

Then, with 

ci := ci(l) 

we are able to carry out the basic construction for the (ii,ji) pair. For each t ^ 2, the 
associated basic construction for the {it,jt) paii" is carried out with respect to a sufficiently 
large integer Rt > Ro{e,t) where Rt is some power of R. This enables us to embed the 
construction for each t ^ 2 within the construction for t = 1. More precisely, for t ^ 1 we let 

Rt := R""' 

where the integer mt satisfies 

mi = 1 

and for t > 2 

R"^' ^ max{Ro{e,t),R^+"''-'} . 

Notice that 

mt^t for 2. (77) 
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Now for each t ^ 2, we fix an integer kt sufficiently large such that 

ci(t) := cii?-'=* 

satisfies ()74p - for consistency we let ki = 0. Then for each t ^ 1, with this choice of ci{t) we 
are able to carry out the basic construction for the pair {it,jt)- Moreover, for each integer 
s ^ let 

ns{t) := kt + smt . 

Then intervals at level s of the construction for {it,jt) can be described in terms of intervals 
at level ns{t) of the construction for (ii, ji). In particular, an interval of length ci{t)R^^ at 
level s for {it, it) corresponds to an interval of length ciR~""'^^^ at level ns{t) for (ii, ji). 

We are now in the position to modify the basic construction for the pair so as 

to simultaneously incorporate each {it,jt) pair. Let ci be as above. Define the collections 
jTo := J7o(l) and := c7i(l). Also Stage 1 of 'the induction' in which the collection In+i 
is introduced remains unchanged. However the goal now is to remove those 'bad' intervals 
In+i € 2n+i for which 

In+i n At{L) / for some t£N and L £ Ct ( [ "+^"^' 1 - l) . (78) 



Regarding Stage 2, we trim the collection In+i in the following manner. To begin with 
we remove from each J„ E the first sub-intervals In+i from each end. In other 

words, we implement the basic trimming process associated with the pair (ii,ji). Then for 
any integer t ^ 2, if n + 1 = ns+i(t) for some s we incorporate the basic trimming process 
associated with the pair {it,jt)- This involves removing any interval In+i that coincides with 
one of the sub-intervals of length |/n+i| at either end of some Jns{t) S Jusit)- It 

follows that for each such t the number of intervals /n+i from that are removed by this 
'modified' trimming process is bounded above by 

X 2 ri?^"*l := X 2 ; 

i.e. the number removed by the basic trimming process associated with the pair {it,jt)- 
Note that this bound is valid for t = 1. The intervals In+i from In+i that survive the 
above trimming process give rise to the trimmed collection We define J'n+i to be the 

collection obtained by removing those 'bad' intervals In+i from which satisfy (I78p . In 
other words, for n ^ 1 we let 

Jn+i := [ln+1 € I-^, : At{L) n = V t G N and L G ( - l) } . (79) 

Here, it is understood that the collection of lines Ct{n) is the empty set whenever n is negative. 
Note that by construction, the collection J7'„ is a sub-collection of J'sit) whenever n = ns{t) 
for some t G N. 

Apart from obvious notational modifications, Stages 3 and 4 remain pretty much un- 
changed and gives rise to ()75p for each t G N with R replaced by Rt- As consequence, for any 
I ^ and J„+i_(/+i)mt e Jn+i-{l+i)mti we have that 



n+l—kt 


-1,/) 


nit 





1,/) } ^ (80) 



for some L G Ct 

To see this, let s + 1 := [{n + 1 — kt) /mt]. Now if s -|- 1 = (n + l — kt) /rat then the statement 
is a direct consequence of (f7S|) with n = s and R replaced by Rt- Here we use the fact that 
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Z^^^-i — -^n+i(^)- Now suppose that s + l<(n + l — kt)/mt. Then In+i is contained in some 
interval Jfcj_|_(s+i)mi- By construction the latter does not intersect any interval At(L) with 
L G Ct{s,l). Thus the set on the left hand side of ()80p is empty and the inequality is trivially 
satisfied. 

For fixed e < eo and any R satisfying ([76]) , the upshot of the modified basic construction 
is the existence of nested collections J'n of intervals J„ given by ([79]) such that 

oo oo 

K*{e,R) := Pi J J c f| Bad(it, n L, . (81) 

n=0 JeJn t=l 

Moreover, for R sufficiently large the counting estimate ([80]) can be used to deduce that 

#Jn > {R- R^-''Y (82) 

- see the remark following the proof of Lemma [H below. Clearly, ([82p is more than sufficient 
to conclude that K*(e,i?) is non-empty which together with (|8ip implies that 

oo 

p|Bad(it,jt)nLe /0. 

t=i 

Recall, that as long as (|5]) is valid, this enables us to establish the countable version of 
Schmidt's conjecture. However, counting alone is not enough to obtain the desired dimension 
result. For this we need to adapt the collections Jn arising from the modified construction. 
The necessary 'adaptation' will be the subject of the next section. 

We end this section by investigation the distribution of intervals within a given collec- 
tion Jn- Let Jq be an arbitrary interval from Jq and define To := {Jq}- For n ^ 1, we 
construct the nested collections Tn,Tn-i, . . . ,7i,7o as follows. Take an arbitrary interval in 
Tn-i and subdivide it into R closed intervals of equal length. Choose any [2R^~^^'^] of the R 
sub-intervals and disregard the others. Repeat this procedure for each interval in Tn-i and 
let Tn denote the collection of all chosen sub-intervals. Clearly, 

#Tn = #Tn-l X [2R^-'/^] . 

Loosely speaking, the following result shows that the intervals J„ from J'n are ubiquitous 
within each of the intervals Jq C and thus within the whole of G. It is worth emphasizing 
that both the collections J'n and Tn are implicitly dependent on R. 

Lemma 4 For R sufficiently large, 

r„ n J-„ / V n = 0, 1, . . . . (83) 

Proof. For an integer m ^ 0, let /(m) denote the cardinality of the set Tm H Jm- Trivially, 
/(O) = 1 and the lemma would follow on showing that 

/(m) ^ R^-'/^ f{m-l) V mGN. (84) 

This we now do via induction. To begin with, note that #Ji = #Jo x R and so 

/(I) = [2R^-'/^] > R^-'/^ . 

In other words, (|84p is satisfied for m = 1. Now assume that ([84p is valid for all 1 ^ m ^ n. 
In order to establish the statement for m = n -\- 1, observe that each of the f{n) intervals 
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in 7^ n J7n gives rise to [IR^ "^/^J intervals in Tn+i C^In+i- Now consider some i G N and an 
integer / ^ such that n + 1 — (/ + l)mt ^ kt- Then in view of (jSOp . for any interval 

1 — (/+l)mt 1 — (Z+l)mt 

the number of intervals from removed by lines L G Ct([ ""^^~^* ] — 1, /) is bounded above 
by R'^^^-^~^\ By the induction hypothesis, 

#{Jn+l-(l+l)mt n Tn+l-(l+l)nit) = f i^l + 1 - {I + l)mt) . 

Thus the total number of intervals from Tn+i r\X^_^^ removed by lines from Ct ( [ "^^~*'' ] — 1, /) 
is bounded above by 

Furthermore, the number of intervals from Tn+i H Xn+i removed by the modified trimming 
process associated with the pair {it,jt) is bounded above by 

Here we have made use of the fact that i?™* > Ro{e,t) and so \R^t{i-at)^ < R^t{i-e) ^ 

On combining the above estimates for intervals removed by 'lines' and those removed by 
'trimming', it follows that 

/(n+1) ^ [2i?i-^/2] f{n) 

oo oo oo 

t=i 1=1 t=i 

Here, it is understood that f{k) = whenever k is negative. Then, in view of our induction 
hypothesis, we have that 

/(n + 1) > [2R'-^/^] f{n) 

t=l \ 1=0 ) 



oo 



^ /(n) |^[2i2i-^/2] - R^-' C{R) - ^i?i-^^-f C(i?) 

where 



t=2 



C(ii) :=2 + J](i?- 

fe=0 



-l+e/2>jfe 

In addition to i? satisfying (|76l) we assume that i? is sufficiently large so that 

oo 

C(R) < 4, [2i?i-^/2] ^ |i?i-^/2 and < |. (85) 

fc=i 

Then, by making use of ([77|) it follows that 

/(n + 1) ^ R'-^/^f{n)(^l - ^E^""') ^ ^'"^/'/(n). 
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This completes the proof of the lemma. 

m 

Remark. For any R satisfying ([76]) and (]85p . a straightforward consequence of (184p is that 
#Jn > f{n) X #Jo ^ i?'"^/' f{n - 1) X #Jo ^ (i?^"^/')" > 1 . 

This is sufficient to show that K*(e, ii) is non-empty and in turn enables us to establish the 
countable version of Schmidt's conjecture. However, the proof of the lemma can be naturally 
modified adapted to deduce the stronger counting estimate given by (I82|) - essentially replace 
/(m) by and [2R^~^/^] by R. 



7.2 The set K(e) and the measure /i 

Fix some strictly positive e < eo and an integer R satisfying ([76]) and (185]) . The modified 
construction of the previous section enables us to conclude that the set K*(e) := K*(e, R) de- 
fined by (j8ip is non-empty and in turn implies the weaker non-empty analogue of Theorem [5l 
To obtain the desired dimension statement we construct a regular 'Cantor-type' subset K(e) 
of K*(e) and a measure fi satisfying ()73p . The key is to refine the collections arising from 
the modified construction in such a manner that the refined nested collections A4n ^ i7n are 
non-empty and satisfy the following property. For any integer n ^ and J„ G Ain 

#{ J„+i e Mn+i ■■ Jn+i c J„} ^ R- 2i?i-^/2 . 

Suppose for the remaining part of this section the desired collections M.n exist and let 

oo 

K(6) := n u ■ 

n=0 J&Mn 

We now construct a probability measure /i supported on K(e) in the standard manner. For 
any J„ G m we attach a weight defined recursively as follows. 

For n = 0, 

//(Jo) : 



and for n ^ 1, 

where Jn-i S Ain-i is the unique interval such that J„ C Jn~i- This procedure thus defines 
inductively a mass on any interval appearing in the construction of K(e). In fact a lot more 
is true — fi can be further extended to all Borel subsets F of M to determine /t(-F) so that 
/i constructed as above actually defines a measure supported on K(e). We now state this 
formally. 

Fact. The probability measure /i constructed above is supported on K(e) and for any 
Borel set F 

l,{F) :=Mi^nK(6)) = inf ^ /.(-/) • 
The infimum is over all coverings of F D K(e) by intervals J G {Mn : n = 0,1, . . .}. 
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For further details see [3j Prop. 1.7]. It remains to show that /j. satisfies ([73|) . Firstly, notice 
that for any interval Jn € Ain we have that 



-1 



^ ( R(l - 2R-'/'^] 



Next, let dn denote the length of a generic interval Jn ^ Mn and consider an arbitrary 
interval I <Z Q with length |/| < cLq. Then there exists a non-negative integer n such that 

dn+l ^ \I\ < dn . (87) 

It follows that 



^ 2 



R{l-R-'/^))-''-' 

l-2i2-^/2)-"-^ 



R 



-n-l 



lESJ /n 1 , 

V 2cf-'R^/'\I\'-'/\ 

Thus (|73|) follows with a = 2c'/'^ ^i?*^/^ and this completes the proof of Theorem modulo 
the existence of the collection A4n- 



7.3 Constructing the collection 

For any integer n > 0, the goal of this section is to construct the desired nested collec- 
tion Ain Q Jn alluded to in the previous section. This will involve constructing auxiliary 
collections M.n,m and 7^„,m for integers n, m satisfying ^ n ^ m. For a fixed m, let 

be the collections arising from the modified construction of ^7.1[ We will require A^n,m to 
satisfy the following conditions. 

CI. For any ^ n ^ m, we have that M.n,m ^ Jn- 

C2. For any ^ n < m, the collections M.n,m are nested; that is 

U J c u ^- 

JeM 71. m 
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C3. For any ^ n < m and Jn G ■M.n,m, we have that there are at least R — [IR^ "^/^J 
intervals Jn+i G Mri+i,m contained within J„; that is 

#{ J„+l e Mn+l,m ■■ Jn+l dJn] > R- [2R^-''^] . 

In addition, define TZofi ■= O and for m ^ 1 

T^m,m '■= {Im G '^m\Jm '■ Im C. Jm-1 for SOme Jm-1 G A^m-l,m-l} • (88) 

Furthermore, for ^ n < m define 

U {Jn G Mn,rn-l ■ #{ ^n+l G : J„+i C J„} ^ [2i?^ 'Z^] } . (89) 

Loosely speaking and with reference to condition (C3), the collections TZn,m are the 'dumping 
ground' for those intervals J„ G M.n,m-i which do not contain enough sub-intervals Jn+i- 
Note that for m fixed, the collections 7^n,m are defined in descending order with respect to n. 
In other words, we start with T^rn m and finish with T^g m* 

The construction is as follows. 

Stage 1. Let 7Wo,o := Jo and 7^o,o := 0- 

Stage 2. Let ^ t ^ n. Suppose we have constructed the desired collections 

A^o,i ^ Jo, A^i,t ^ Ji, . . . ,A^t,t ^ 

and 

We now construct the corresponding collections for t = n + 1. 
Stage 3. Define 

A^^+i := {J„+i G : J„+i C J„ for some J„ G 7W„,n} 

and let 7^n+i,n+i be given by (f88|) with m = n + 1. Thus the collection A^J^+i consists of 
'good' intervals from J7n+i that are contained within some interval from A4n,n- Our immediate 
task is to construct the corresponding collections M.'^ for each ^ u ^ n. These will be 
constructed together with the 'complementary' collections TZu,n+i in descending order with 
respect to u. 

Stage 4- With reference to Stage 3, suppose we have constructed the collections M-'^^i n+i 
and TZu+i^n+i for some ^ u ^ n. We now construct Ai'^^^+i and TZu,n+i- Consider the 
collections M.u,n and TZu^n- Observe that some of the intervals Ju from Aiu,n niay contain 
less than R — [IR^^^^"^] sub-intervals from n+i (oi' in other words, at least [IR^^^^"^] 

intervals from TZu+i^n+i)- Such intervals Ju fail the counting condition (C3) for M.u,n+i and 
informally speaking are moved out of M.u,n and into Tlu,n- The resulting sub-collections are 
■M'u^n+i Tlu,n+i respectively. Formally, 

{Ju G Mu,n '■ #{Ju+l G Tlu+l,n+l '■ Ju+i C Ju} < [2R^-'/^] } 
and IZu^n+i is given by ([89|) with n = u and m = n + 1. 

Stage 5. By construction the collections Ai'un+i satisfy conditions (CI) and (C3). However, 
for some Ju+i G -Mu+i n+i i* ^^^^ Ju+i is not contained in any interval Ju G 

■M'u^n+i and thus the collections -Mu^n+i are not necessarily nested. The point is that during 
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Stage 4 above the interval Ju S Ju containing Ju+i may be 'moved' into IZu^n+i- In order to 
guarantee the nested condition (C2) such intervals Ju+i are removed from -Mu+in+i- "^^^ 
resulting sub-collection is the required auxiliary collection Note that 

is constructed via M'^j^i in ascending order with respect to u. Formally, 

and for 1 ^ n ^ n + 1 

Mu,n+i ■= {Ju G -A^«,„+i : Ju C Ju-i for some J„_i G Mu-i,n+i} ■ 

With reference to Stage 2, this completes the induction step and thereby the construction of 
the auxiliary collections. 

For any integer n > 0, it remains to construct the sought after collection A4n via the 
auxiliary collections M.n,m- Observe that since 

Mn,n ^ Mn,n+1 ^ Mn,n+2 ^ ■■■ 

and the cardinality of each collection Ainm with n ^ m is finite, there exists some integer 
N{n) such that 

M n.m 

Now simply define 

Mn ■= ■Mn,N{n) ■ 

Unfortunately, there remains one slight issue. The collection defined in this manner 
could be empty. 

The goal now is to show that A4n,m 7^ for any n ^ m. This clearly implies that Mn 7^ 
and thereby completes the construction. 

Proposition 2 For all integers satisfying ^ n ^ m, the collection Mn,m is nonempty. 

Proof. Suppose on the contrary that Mn,m = O for some integers satisfying ^ n ^ m. In 
view of the construction of Mn,m, every interval from Ain-i,m contains at least R — 2B}~''^'^ 
sub-intervals from Mn,m- Therefore A^o,m is empty and it follows that 7^o,m = Jo- 
Now consider the set lZn,m- Note that 

J^n,m r5 T^n,m—l r5 ' ' ' =5 J^n,n- 

and that in view of (j88p elements of lZn,n are intervals from Xn\Jn- Consider any interval 
Jn S 'JZn,m\T^n,n- Then there exists an integer mo with n < mo ^ m such that Jn S TZn,mo 
but Jn 'R-n,mo-i- view of (j89p any interval from lZn,mo contains at least \2E}~''^'^\ 
sub-intervals from TZn+i,mo and therefore from lZn+i,m- The upshot is that for any interval 
In S 'T^n,m we either have that In S T^Jn or that /„ contains at least [2i?-^~^/^] intervals 

Next we exploit Lemma [H Choose an arbitrary interval Jq from 7^o,m = Jo and define 
To := {</o}- For ^ n < m, we define inductively the nested collections 

7^+1 := {-^n.+ l S T{In) '■ In G Tn} 

with T{In) given by one of the following three scenarios. 
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• In ^ T^n,m and /„ contains at least [2R^ ^^'^] sub-intervals In+i from TZn+i,m- Let T{In) 
be any collection consisting of [2ii^~'^/^] such sub- intervals. Note that when n = m — 1 
we have T(/„) C TZm,m C Im\Jm- Therefore T(/m-i) n Jm = 0. 

n^m and In contains strictly less than [2R^ ^^'^] sub-intervals In+i from TZn+i^m- 
Then the interval /„ G Xn\Jn and we subdivide /„ into R closed intervals of equal 
length. Let T{In) be any collection consisting of [2i?^~'^/^] such sub-intervals. Note 
that T{In)r\Jn+i = 0. 

• In ^ I^n,m- Then the interval In does not intersect any interval from J7n and we 
subdivide In into R closed intervals In+i of equal length. Let T{In) be any collection 
consisting of [2i?^~'^/^] such sub- intervals. Note that T{In) H Jn+i = 0- 

The upshot is that 

= #rn-i X [2R^-'/^] V < n ^ m 

and that 

However, in view of Lemma S] the latter is impossible and therefore the starting premise that 
M n,m — is false. This completes the proof of the proposition. 
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Appendix: The dual and simultaneous forms of Bad(z,j) 



Given a pair of real numbers i and j satisfying ([6]), the following statement allows us to 
deduce that the dual and simultaneous forms of Bad(i, j) are equivalent. 

Theorem 6 Let 

Lt{q) := ^Otsqs (1 ^ s ^ m, 1 ^ t ^ n) 

s 

be n linear forms in m variables and let 

Ms{u) := ^9tsUt 

t 

be the transposed set of m linear forms in n variables. Suppose that there are integers q 7^ 
such that 

\\Lt{ci)\\ ^ Ct, \qs\i^Xs, 
for some constants Ct and Xs satisfying 

max{ Ds := {I - 1) X^^ d}'^^-^^ } < 1 

s 

where 



d := WCt WXs and I := m + n. 



Then there are integers u 7^ such that 

\\Ms{n)\\ ^ Ds, \ut\ ^ Ut, (90) 

where 

Ut := 

This theorem is essentially a generalization of Theorem II in [H Chapter V]. In short, 
compared to the latter, the above theorem allows the upper bounds for ||Lt(q)|| and \qs\ to 
vary with t and s respectively. The proof of Theorem [6] makes use of the following result 
which appears as Theorem I in [H Chapter V]. 

Proposition 3 Let fk{z) (1 ^ k ^ I) be I linearly independent homogeneous linear forms 
in the I variables z = (zi, . . . , zi) and let gfc(w) be I linearly independent homogeneous linear 
forms in the I variables w = (wi, . . . ,wi) of determinant d. Suppose that all the products 
ZiWj (1 ^ i,j ^ I) have integer coefficients in 

$(z,w) := ^/fc(z)5fc(w). 
k 

If the inequalities 

|A(z)| ^ A (l^k^l) 
are soluble with integral z 7^ then the inequalities 

|5fc(w)| ^ (/-l)|Ad|i/('-^), 

are soluble with integral w 7^ 0. 
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Armed with this proposition, the proof of Theorem[6]is relatively straightforward. Indeed, 
apart from obvious modifications the proof is essentially as in [I]. 

Proof of Theorem O We start by introducing the new variables 

p = {pi, . . . ,Pn) and w = {vi,. . . ,Vm) ■ 



Now let 



/fc(q, P) 



and 



C^^ (Lkiq) + Pk) if l^k^n 



CkUk if 1 ^ k ^ n 

Xk-ni-Mk^ni^) + Vk-n) if U <k . 



Then the fk are linearly independent forms in the I := m + n variables z = (q, p) and the gk 
are linearly independent forms in the / variables w = (u, v) with determinant 

n m 

d := n^* n^- 

t=l s=l 

Furthermore, 

k^l t^n S'^m 

since the terms in utQs all cancel out. By hypothesis there are integers q 7^ and p such that 

l/fc(q,p)l 1, 

so we may apply Proposition [3] with A = 1. It follows that there are integers (u,v) 7^ (0,0) 
such that 

Ct\ut\ 



Xs\- Msiu) + vs 



and so the inequalities given by (|90p hold. It remains to show that u 7^ 0. By hypothesis 
Dg < 1 for all s and so if u = we must have that Vg = for all s. However (u, v) = (0, 0) 
is excluded. 



Given Theorem [U it is relatively straightforward to show that the dual and simultaneous 
forms of Bad(i,j) are equivalent. 

Suppose the point {x,y) G does not belong to the simultaneous Bad(z,j) set. It 
follows from the definition of the latter that for any constant c > there exists an integer 
qo > 1 such that 

\\qox\\ ^ cQq' 
\\qoy\\ ^ cQq^ . 
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Without loss of generality assume that c < 1/2. 
n = 2, Li(q) = qx, L2(q) = QV, Ci = cq^', C2 = 
integer pair (ni,n2) 7^ (0,0) such that 



With reference to Theorem [6l let m = 1 , 
cq^-' and Xi = qq. Hence there exists an 



\\xui + yu2\\ ^ 20^0 
|ni| ^ 2g^ 
|n2| ^ 2ql . 

This in turn implies that 

max{|ni|^/\|u2r/^'} || xui+yu2\\ ^ 

2iA+i/i+i c . (91) 

In other words, for any arbitrary small constant c > there exists {ui,U2) S Z^\{(0, 0)} for 
which (f9T]l is satisfied. It follows that the point {x,y) does not belong to the dual Bad(i,j) 
set. The upshot is that the dual Bad(z, j) set is a subset of the simultaneous Bad(i, j) set. 

Suppose the point (x,y) G does not belong to the dual Bad(i,j) set. It follows from 
the definition of the latter that for any constant c > there exists (a, 6) E Z^\{(0,0)} such 
that 

max{|o|i/S \b\^/^} II ax + 6y| I ^ c. 

Without loss of generality assume that c < 1/4 and let qo := max{|a|^/*, \b\^/^}. With 
reference to Theorem [6l let m = 2, n = 1, -Li(q) = qix + q2y, Ci = cqQ^ , Xi = q^ and 
-^2 = Qq- Hence there exists an integer n 7^ such that 

||'U2;|| ^ 2 0^/2 g-* 
llityll ^ 2c^/2^~^- 
|n| ^ 2c-i/2^o • 

This in turn implies that there exists and integer q = \u\ ^ 1 such that 

max{||gx||^/\||gy||^/^'} ^ max|2^ci, 2^c^| q'^ . (92) 

In other words, for any arbitrary small constant c > there exists g G N for which ()92|) is 
satisfied. It follows that the point (x,y) does not belong to the simultaneous Bad(i,j) set. 
The upshot is that the simultaneous Bad(i,j) set is a subset of the dual Bad(i,j) set. 
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